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Abstract 



^ ■ Generalized Konishi anomaly relations in the chiral ring of A/'=l supersym- 



metric gauge theories with unitary gauge group and chiral matter field in 
two-index tensor representations are derived. Contrary to previous investi- 
gations of related models we do not include matter multiplets in the adjoint 
representation. The corresponding curves turn out to be hyperelliptic. We 
also point out equivalences to models with orthogonal or symplectic gauge 
groups. 



1 Introduction 

Supersyinmetric field theories are among the most interesting theoretical 
laboratories to investigate gauge theories in the strongly coupled regime. It 
is often possible to obtain exact results on the non perturbative dynamics. A 
recent prominent example is the usage of a generalized form of the well-known 
Konishi anomaly PP to compute the exact effective superpotential , see also 
[3j. This usage of generalized Konishi anomalies was motivated by the the 
Dijkgraaf-Vafa conjecture |3]. It says that the exact effective superpotential 
of a confining A/'=l supersymmetric gauge theory can be computed using a 
matrix model whose action is given by the tree level superpotential of the 
field theory. 

The prototypical example in this line of research is A/'=2 supersymmetric 
gauge theory softly broken to M=l by a superpotential for the chiral mul- 
tiplet in the adjoint representation. Let us briefly recall the construction of 
j2]. With the help of the generalized Konishi anomalies one finds algebraic 
relations for the gauge invariant operators 

n^) = (tr(— -)) , i?(z) = --— (tr '^"^" 



327r2 \ \ z-i 

where (f) is the scalar component of the chiral multiplet in the adjoint and 
Wa the gaugino field. It turns out that R{z) takes values on a hyperelliptic 
Riemann surface and that T{z) defines a meromorphic differential on it. The 
superpotential can be evaluated in terms of period integrals on this Riemann 
surface. 

Much work has been devoted to generalize the approach of 2J to theo- 
ries with different gauge groups and matter content, see the review for 
a list of references. However, most of the work so far has been based on 
the presence of a chiral multiplet in the adjoint representation of the gauge 
group. One exception to this is [HI, [Z] where orthogonal gauge groups with 
symmetric tensors and symplectic gauge groups with antisymmetric tensor 
have been considered. These theories also presented a puzzle in how to com- 
pute correctly the effective superpotential that took some time to resolve and 
understand completely |H], 0, ^0); El- Konishi anomalies for theories with 
chiral spectrum and no additional adjoints have also been studied in [T2], 

Motivated by these developments we will investigate generalized Konishi 
anomaly relations for theories with unitary gauge groups and chiral matter 



multiplets in the symmetric and antisymmetric representation. Contrary to 
the SO/Sp case the two-index representations of unitary groups are complex, 
and therefore we need two chiral multiplets in conjugate representations. A 
different possibility is to combine a chiral multiplet in the antisymmetric 
representation with a chiral multiplet in the conjugate symmetric represen- 
tation and eight fundamentals to cancel the chiral anomaly. Not including 
any further matter fields there are then three models we can consider. 

The first two only differ in the choice of symmetry of the chiral multiplets 

X^ = eX , Y^ = eY, (2) 

with e = ±1. The gauge transformations are 

X -^ UXU^ , Y -^ U*YU^ , (3) 

where the star denotes complex conjugation and U is a unitary NxN matrix. 
The third model has a chiral fermion spectrum, it consists of an anti- 
symmetric field A a symmetric field S and eight fundamentals Qf, where 
/ = 1 . . . 8 denotes the flavor index. 

S^ = S , A^ = -A, (4) 

with gauge transformations 

S -^ U*SU^ , A -^ UAU^ , Qf ^ UQf . (5) 

For all models we will consider a polynomial tree level superpotential in 
XY or ^45" respectively. In the chiral case we will also include a coupling 
between the symmetric field and the eight fundamentals. We will discuss the 
classical vacua first and compute then the generalized Konishi anomalies. We 
also will show that one can define holomorphic matrix models ^H] whose loop 
equations can be mapped in an large N expansion to the Konishi anomalies 
of the gauge theories. Models with this spectrum and an additional chiral 
multiplet in the adjoint representation have been investigated in |Tn], [T7] . 

After completion of this work (231 appeared where the non-chiral theory 
with antisymmetric representation is also studied. The curve defined by the 
Konishi anomly there is a double cover of the one discussed here. 



2 Non-chiral Models 

In this section we will investigate the models with chiral multiplets in mutu- 
ally conjugate (anti) symmetric tensor representations and tree level super- 
potential 

^ = E YTi^' [{xvr'] ■ (6) 

fc=0 

2.1 Classical Moduli Space 

As is well-known the moduli space of a supersymmetric gauge theory can 
be obtained as the critical points of the superpotential modulo complexi- 
fied gauge transformations. In the case at hand it is useful to consider the 
variation 

dW J-^ 

fc=0 

Note that XY transforms in the adjoint representation 

{XY) -^ U{XY)U-^ . (8) 

This can be used to diagonalize XY = diag(.^il7Vj, . . . ,C,d+ilNa+i) where the 
eigenvalues have to fulfill 

^W{O = 0. (9) 

Note that independent of the particular choice of the couplings gk C, = 
is always a possible eigenvalue in a vacuum! We find therefore XY = 
diag{ONo,C,i'i-Ni, ■ ■ ■ ,^d'i-Nd)- Since the non- vanishing eigenvalues come from 
fields in the symmetric or antisymmetric representation the gauge symmetry 
breaking pattern is 

We can arrive at this conclusion also in a slightly different way. For 
definiteness let us study the case of symmetric representations. Since the 
gauge group is complexified we can bring any vev of the field Y to the form 

iQur conventions arc SP{2) = SU{2). 



Y = diag(07Vo, Iat)- This breaks the gauge group in a first step to U{Nq 
SO{N). Now we write 

a b 



where a is a A^o x ^o matrix, b a Nq x N matrix and c a N x N matrix. 
Notice now that a = b = hes on the extended gauge orbit of U{Nq, C) which 
leaves us with the matrix c that transforms as a symmetric representation 
of SO{N, C) and can be diagonahzed to c = diag(^ilAr^, . . . , ^d'i-Na)- Iii this 
way we arrive at the gauge breaking pattern (fTUj) for e = +1. The case 
with antisymmetric representations works analogous. We can now chose 
Y = diag(OAr(,, J^) where 



'N 



lAf/2®«o-2 , where ^0-2 = i _-^ q j • (12) 



This breaks the gauge group to U{No) ® SP{N). The same arguments as 
before tell us that from X we obtain only a field c transforming under the 
antisymmetric representation of SP{N) and c.Jjvj can be brought into the 
form c = — diag(^il7v-^/2, . . . , ^d'^Na/2) ® '^0"2 that breaks the group further to 
the second line in (jTUI). 

We thus find that the moduli space consists of isolated points given by 
the eigenvalues ^j of the adjoint valued matrix XY fulfilling ^iW{^i) = and 
that the gauge breaking pattern is described by (fTU|) . 

2.2 Konishi Anomalies 

Following [2] we will now discuss the chiral ring relations that follow from 
generalized forms of the Konishi Anomalies. It is useful to remember the 
general chiral ring relation 

y^M.$(r)=0. (13) 

Here $^''^ is a chiral operator transforming in the representation r of the 
gauge group and Wa is the chiral operator corresponding to the gaugino 
field. Equation (J13p holds as an equivalence relation inside the chiral ring. 
In our case this can be written more explicitly with the help of matrix rep- 
resentations as 

Wa.X = WaX + XW^ = 0, (14) 

W„.r = -YWa-W^Y = 0, (15) 



where Wa is in the fundamental N x N matrix representation and juxtapo- 
sition stands for matrix multiphcation. The chiral operator XY commutes 
with Wq since it transforms according to the adjoint representation. Using 
these relations we see that the chiral ring of gauge and Lorentz invariant 
operators is spanned by tr [(XF)'^],tr [>V">Vo(XF)^]. If we do not restrict 
to Lorentz singlets we also have tr[VV°(Xy)^] these have however vanish- 
ing expectation value in a supersymmetric vacuum. The vacuum amplitudes 
of the gauge and Lorentz invariant single trace operators can be formally 
summed up in the generating functions 

The generalized Konishi anomaly is the anomalous Ward identity for a 
holomorphic field transformation: 

As a relation in the chiral ring it can be written as 

where the capital indices enumerate a basis of the representation r. 

We will investigate the generalized Konishi relations corresponding to the 
field transformations: 

1 1 W^ 

5iX = X , 52X = X. (19) 

^ z-XY ' ^ Z2t^^ z-XY ^ ' 

Let us first show that these variations are indeed symmetric or antisymmetric 
respectively 

^ ^ n=0 

^ lf^ix:yIr^r^t±^XYLx^,,,X (21) 

Z „ -2" Z -^ Z"- 

and similarly for the variation with the W^ insertion where one also has to 
use the chiral ring relations (J14p . 



We will evaluate the tree level term and the anomalous term of the Konishi 
relation (jl8|) for the variation 6iX now separately. The tree level term is 



t, I sy^mn\ 



dX 



tr i ^l^xY^ ) ) = <^) + nz)zW\z) .(22) 



where 



-tr 



zW'iz) - XYW' 



z-XY 



\XY) \ 






c{z) 



(23) 



is a polynomial of degree d\ 

Now we evaluate the anomalous term. 



Tr W".>V„. 



d^X)\ 
dX J 



tr 



W, 



oX 



dX 



dX 



dX " 



(?4) 
(25) 



where Tr denotes the trace in the (anti) symmetric representation and tr the 
trace in the fundamental. We evaluate further 



(W) 



2k'^i^^km) 



dXir, 



W: 



+e 



2 k' 



Z-XY 



z-YX 



+ 



z-XY 



z-YX 



-d,2Tx^ -{R{z)T{z) - tR'{z)) 



(26) 



and 



CA,;; 



WT"- 



z-XY 



z-YX 



+ 



+e 



z-XY 



z-YX 



W, 



al 



^2TiKeR'{z) 



(27) 



where in the last term we took the vacuum expectation value of the spinor 
values single trace operators to vanish. The third term in (j^^ gives the same 
result as (j27|) and the last term gives the same result as (j26p 
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Let us now compute the Konishi anomaly relation for the variation 52X. 
Here it is useful to notice that 

{52X)^^^ = {WW5rX)i,^ (28) 

Using this and the previously derived relation for 5iX we find for the tree 
level term 

-dWtree 



where 



tr ( 52X^p ) ) = f{z) + zW'{z)R{z) , (29) 



/'->-(-i' "n^C5^r'" ))- (30, 



For the anomalous term we find now 



Tr(w'.wJ-^)) = lRH.) (31) 

Taking these results together we obtain 

^R(zf-zW'{z)R{z)-f{z) = 0, (32) 

zR{z)T{z) - zW'{z)T{z) - 2ezR'{z) - c{z) = . (33) 

As is well-known in the case of adjoint representations, the equation for R{z) 
defines a hyperelliptic Riemann surface. We can set R = y + W and find 
thus 

This equation has the somewhat unusual feature that y tends to 00 as 
goes to 0. This curve is a double cover of the z-plane with branchpoints at 
y = and a distinguished branchpoint at y = 00, z = 0. This branchpoint 
is always present and at the fixed locus z = unless the coefficient /o in the 
polynomial f{z) = Yli=o /«^* vanishes. Notice further that if in addition the 
coefficient Cq in c{z) = X]i=o^*^* vanishes the Konishi relations (jH^ . (j^ 
take the same form as the ones for SO gauge group with symmetric matter 
(e = +1) or SP gauge group with antisymmetric matter (e = —1). This 
could have been expected of course from our analysis of the classical moduli 
space which showed that in a generic vacuum with ^ 7^ the gauge group is 
either SO or SP. The special point ^ = in the classical moduli space gives 



rise to the special fixed point at 2; = in the quantum theory. As usual the 
gaugino condensates in the factor groups and their ranks are given by period 
integrals on 



Si= i ydz , Ni= i T{z)dz . (35) 

J A, J A, 

where Ai are compact cycles surrounding the cuts of y. 

2.3 Matrix Model 

Based on string theory considerations Dijkgraaf and Vafa |3] conjectured 
that the exact effective superpotential of a confining M=l supersymmetric 
gauge theory can be computed with the help of a simple matrix model. This 
conjecture has been proved for many different models. The perturbative part 
of the conjecture can be proved using superfield techniques in perturbation 
theory ^Hl- A different approach is based on comparing the 1/A^ expansion 
of the loop equations of the matrix model with the Konishi anomaly relations 
of the field theory. This approach is non-perturbative in nature although it 
has to be emphasized that the Konishi anomaly relation as stated in (jl8|) is 
proven to be exact only in perturbation theory. Of course, once a one-to-one 
map to the loop equations of the matrix model (and therefore string theory) 
is found, one can take this as evidence for the non-perturbative exactness of 
the Konishi anomaly relations. 

The precise definition of the matrix model has been worked out in P^ 
where the need of a holomorphic definition has been emphasized. We will 
follow this viewpoint here. The partition function of the holomorphic matrix 
model is given by 

Z = l^ /"rfXrffe-^^[^(^^)l, (36) 

\^\ Jv 

where X and Y are the matrices corresponding to the chiral multiplets 
X, Y of the gauge theory. They are thus complex N x N matrices obey- 
ing {X'^,Y'^) = e{X,Y). \G\ is a normalization factor including the volume 
of the gauge group and F is a suitably chosen path in the configuration space 
Ai of the matrices X, Y with dimK(r) = dimc(A^). 

The matrix model action W{XY) has the gauge symmetry 

X^gXg"" , Y^ig-YYg-\ (37) 



where g G GL{N,C). Before attempting to evaluate the path integral we 
therefore have to fix the gauge. Doing so we have to treat the two cases in 
slightly different ways. 

Let us start with e = +1, i.e. X,Y being symmetric. We chose the 
gauge Y = Ijy. We could implement this via the BRST formalism. However, 
with this gauge choice the ghost sector decouples from the dX integrations. 
Furthermore, it is clear that only the symmetric part of the gl{N, C) valued 
ghost fields contribute. The gauge fixing is not complete, gauge transforma- 
tions leaving Y = Ij^ invariant, i.e. obeying gg^ = 1 survive. Therefore 
after this partial gauge fixing we are left with a matrix model based on an 
SO{N, C) gauge group and a symmetric field X! At this point we can do a 
further gauge fixing X = diag(Ai, . . . , A^y). This time of course the ghost sec- 
tor contributes non-trivially and leads to the insertion of the Vandermonde 
determinant in the integral, which of course is the same one as for the SO- 
theory with symmetric matter. We find therefore [TH] 

^.=+1 = ^ / n^^'^ n 1^™ - An|e-^^»^(^') . (38) 

fc=l m<n 

In the intermediate steps leading to this formula we have to chose an ap- 
propriate path r in the matrix configuration space including the ghosts such 
that all the integrals converge and Aj G M. This is by now well-studied in 
many examples and we therefore do not give any more details. The interested 
reader is instead referred to ^H] and chapter 6.1 in [TB] . 

At this point one might conclude that the loop equation for our model 
is the same as the one for the SO model with symmetric matter and that 
therefore a relation to the Konishi anomalies of the field theory can not be 
established or could at most be established for the vacua with ^ 7^ 0. This 
would be wrong for the following reason. The loop equations in the eigenvalue 
representation for the SO model follow from the identity 



N 



l[dX, 



d / 1 



I^^T T^vHl^--^^ 



e 



^Z^wix,) 



k=l L r ' \ ' m<n 



(39) 



oAj. \ z — A^. 

It is the insertion of -^^^ that is problematic. It corresponds to the variation 
6X = —^. This variation is of course valid in the model based on the SO 

z—X 

gauge group. In our model we should however not forget that the underlying 



gauge symmetry is GL{N,C) and that X is a symmetric two-tensor under 
this symmetry. This reasoning shows that such an insertion is not gauge 
invariant in our modeL Rather than ()39|) the underlying gauge symmetry 
instructs us to use the identity 







N 



l[dX, 



k=l 



y- 



Ar 



(j\f- \ z — Aj 



_[_[ l-^m ~ \ 



iT.^w(\,) 



m<n 



(40) 



corresponding to the variation 6X = _^. X respecting the GL{N, C) gauge 
symmetry. More exphcitly the identity pn|) is 



tu 



+ 



A. 



1 XrW'jXr) ^ Xr 

\^ ic 'y — A / ^ -y — 



K Z — Xr 



s^r 



z — Xf Xf — Xg 



Z — Xr [z — X 

Here we defined 

r ^ 

r k=l r m<n 

We further define the matrix model resolvent as 

TV 



^W(Xi) 



^i^) = ^J2vz 



i=l 



Z- A,; 



and a polynomial 



f{z) 



-K 



N 

E 



zW'iz) - XiW'iXi) 



Z - A,; 



Using 



^Ef.^. 



A, 



and^ 



EX 
7 — 



«7^i 



z — XiXi — Xj 



z - Xi {z - Ai)2 
1-^ 1 /A 



-zuj'(z) 



A, 



Z ^ Xi — Xj \ z — Xi z — Xj 



^,J 



(z - \,){z - A,) ^ (.- - A.)2 



E 





(41) 

(42) 
(43) 



(44) 



(45) 



(46) 



^The sums in the following formula are double sums over both indices i and j. 
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we find the loop equation 



\zu{zf - \zu\z) - zW\z)u{z) - f{z)^ = . (47) 

In tlie case when e = — 1 the discussion is similar. We can chose in a 
first step the gauge Y = Jj^. This leaves us with the residual gauge group 
SP{N, C) and a matter field X in the symmetric representation. The second 
step in the gauge fixing procedure is now to set XJ^ = diag(Ai, . . . , A^/2) ® 
I2. The eigenvalue representation of the partition function coincides therefore 
with the one of the model base on SP gauge groups and antisymmetric matter 
fields HU 

N/2 



Z,=-i= /"n^Afc J](A„-A„)V^S» 



W{\,) 



(48) 



fc=l m<n 

The same reasoning as before leads us to consider 



N/2 

fc=l 



y- 



Xr 



Z — Xr 



n(A™-Ajv^s«^(^^) 



m<n 



(49) 



The resolvent is now defined as 



N/2 ^ 

uj{z) = 2k N^ 



i=l 



z- Xi 



(50) 



and the matrix model polynomial is defined by 



N 



f{z) = -2^Yl 



i=l 



zW'jz) - XiW'jXi 
z - Xi 



(51) 



The analogous calculations as before lead now to the loop equation. 

Concluding our results for the loop equations of the matrix models we 
find that 

(|^(z)2 - e^uj'iz) - zW'izMz) - f\z)) = , (52) 

where the resolvent is defined by (PSJ) or (jSUj) respectively. 

To make contact with the Konishi anomaly relations in the field theories 
we expand in orders of k which is equivalent to an expansion in 1/A^ 



{uj{z)) = ^n'^Uk. 

k=0 



(53) 
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The expansion of the loop equations is 

^uoizf-zW'izMz)-fiz) = ,0(0) (54) 

zuJoiz)uj,{z)-^euj'o{z)-zW'iz)LU,{z) = , 0(«:) , (55) 

We also consider the differential operator 5 = J2i^i'^ ^^^ apply it to the 
loop equation at 0(0) to find 

zuJo{z)6uJo{z) - zW'{z)6uJo{z) - 6f{z) = . (56) 

Now it is easy to see that the Konishi anomalies are formally reproduced by 
the first to terms in the 1/A^ expansion of the matrix model loop equations 
if we set 

uJo{z) = R{z) , Sujoiz) + 4uJi{z) = T{z) (57) 

f{z)=f{z) , 6f{z)=c{z). (58) 

We also identify the filling fractions of the matrix model with the gaugino 
bilinears in the gauge theory uNi = Si The identification of T{z) in terms 
of matrix model quantities implies also the relation between the free energy 
F = —K^ log(Z) and the field theory superpotential 

Weff = 5Fo + 4Fi (59) 

where we expanded F = ^^q n^Fk- This relation has also been found for 
the theories in 0, [HI, [HI- 

2.4 Non-Perturbative Superpotential and Normaliza- 
tion 

In principle the formula (j3^ proves the relation between the effective super- 
potential and the matrix model partition function only up to an integration 
constant that is independent of the tree- level couplings Qk- This integra- 
tion constant is commonly taken as the Veneziano-Yankielowicz part of the 
gaugino superpotential. However, as emphasized already in |1],[2] the matrix 
model does contain indeed all the information to compute also this non- 
perturbative contribution to the superpotential. We will illustrate this in the 
simplest example of a tree level superpotential consisting solely of a mass 
term, W = mti (XY). 
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The matrix model partition function is 

K 



f dXdY e-'^^'^^^K (60) 



vo\{U{N)) 

We have made the dependence on the volume of the gauge group exphcit 
and also consider an additional normalization constant K. We have also set 
K, = 1, Fq and Fi are therefore identified by there scaling in N. 
The Gaussian integration leads to^ 



Using 



F = \og{K) - log(vol(f/(iV))) + In{N + e) log(-) . (61) 

2 m 



log(vol(t/iV))) = -^ log ( ^^^^ I + 0{N') , (62) 



and writing K = a P we find 



F = - log(Z) = -N' log(a) - N log(/5) - ^ log ( j^ ) - '-N log (^) 



2 \m^ 

(63) 



Setting N = S we therefore have 



m 



Setting now a = ^ and (3 = [^Y where A is interpreted as the scale of 
the underlying gauge theory and using (j3^ we compute the superpotential 

/ A2iV-2e Ar+2e\ 

W^eff = S log ( ^ J + NS , (65) 

which is the expected Veneziano-Yankielowicz superpotential with the scale 
matching Af^^ = A^'^-^'m^+^\ 

It is important to note that for higher order tree-level superpotentials 
and e = — 1 we have to take into account the effects described in [8 ,[TU], 
[TTj . For vacua in which the gauge group is broken to SP{Ni) with an 
antisymmetric matter field we should keep the corresponding Si gaugino 
condensates different from zero even in the case A^j = ("S'P(O)" - gauge 
group factors). 

•^The Path T in the integral can be chosen such that X'' = Y\ 
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3 Chiral Theory 

In this section we want to study briefly the theory with chiral fermion spec- 
trum. It has a chiral multiplet A in the antisymmetric representation, a 
chiral multiplet S in the conjugate symmetric representation and eight chiral 
multiplets in the fundamental representations which are needed to cancel the 
chiral anomaly. The superpotential we choose is given by 

8 

W^ = tr [V{AS)] + J2 QfSQf , (66) 

/=i 

where V{z) is an even polynomial of order d + 1. Because of the symmetry 
properties of A and S* odd powers in V vanish 

tr[(A5)2"+i] = 0. (67) 

Let us first study the classical moduli space. The equations of motion are 

SAV'{SA) + SQf = 0, (68) 

V'{AS)AS = 0, (69) 

SQf = 0. (70) 

We can proceed now as in the non-chiral theory. By complexified gauge 
transformations we can bring S into the form S = diag(OArQ, 1^). This 
breaks the gauge group in a first step to U{Nq) (g) SO{N). The fundamentals 
have to lie in the kernel of the matrix S and A we can divide into Nq x N 
blocks 

where g/ are Nq dimensional row vectors, a is an antisymmetric A^o x ^o 
matrix, b is a A^o x ^ matrix and c is an antisymmetric N x N matrix; 
a = 0, b = and Qf = all lie on an extended gauge orbit of U{Nq, C). This 
leaves c which transforms as an adjoint under the SO{N) residual gauge 
symmetry. By an SO{No,C) gauge transformation we can bring it to the 
form c = diag(AilAr^ ® J2, . . . , Aat^Iat^ ® J2) which breaks the SO{N) to a 
product of unitary gauge groups. Of course the non-zero Aj have to fulfill 
V'{\i) = 0. We find therefore the classical moduli space to consist of isolated 
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points parametrized by A, fulfilling AjV^'(Aj) = 0. The gauge breaking pattern 
in a general vacuum is 

d d 

f/(iV)->f/(iVo)(g)f/(iV,,) , ^2iV,, + iVo = iV. (72) 

The generalized Konishi Anomalies we are interested in follow from the 
field transformations 

^Qf = Pf9 z-AS ^^' ^^^^ 

where pfg is an arbitrary matrix in fiavor space. The resolvents we are looking 
for are 



(j67j) implies that the resolvents can also be written as 

The computation of the Konishi anomalies is now straightforward and 
rather similar to the non-chiral case. For this reason we will not give any 
details here. We define the order d — 1 polynomials even in z 

fzV'iz)-ASV'iAS)\ 

and 

_ f W\zV'{z)-ASV'{AS)) \ 

^^'> - ^' [ 32vr2(z2 _ (^ASy) ) ■ (79) 

The generalized Konishi anomalies can be written then as 

^R(zY-V'{z)R{z)-fiz) = 0, (80) 

T{z)R{z) - -R{z) - V'{z)T{z) - c{z) = , (81) 
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The relations (J8(J|) and (|82j) are precisely the same as the ones for the model 
with SO gauge group and a chiral multiplet in the adjoint representation pO] . 
This should be contrasted to the chiral model with additional adjoint in (??) 
whose generalized Konishi anomaly relations for R{z) and T{z) have been 
found to be the same as the ones for the 5*0 model with chiral multiplet 
in the symmetric representation. This implies an exact non-perturbative 
equivalence between these theories. An exact non-perturbative equivalence 
for the non-chiral model with antisymmetric representations in the large N 
limit has been discussed recently in |2I]. Similar equivalences have been 
found in j22] for U{N) theories with matter in adjoint and fundamental 
representations. 

An important conclusion can be drawn if we also consider the field trans- 
formation 

^S = I (s-^ + -^S] = S-^4-— . (83) 



2\ z-AS z + SA J z^- (AS) 
The corresponding Konishi anomaly is 

ciz) + V'{z)T{z) + (qj-^-^^^^SQ^ = R{z)T{z) + -^R{z) . (84) 

Let us keep formally the number of flavors arbitrary. From ()82|1 we find 

Here we are using {Q f-^TZTAsx^^Q f) ~ ^Q f z-Ias) "^^ f"^ which holds because 
of the symmetry of {Qf ® Qf)ij- The important point is that (J8l|l coincides 
with ()8H) only if Nf = 8! So consistency of the Konishi anomaly equations 
allows us to obtain the same constraint on the number of fundamental flavors 
as the cancellation of the chiral anomaly. This has already been observed in 
the theory with adjoint in [18 . 

Let us now study the corresponding matrix model. It is given by 

Z = 1 / rfit/^rfQe-^*'^[^(^^)+'3/5Q,] _ (gg) 

Of course this matrix model has to be understood again in the holomorphic 
context ^15] . 
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To go to an eigenvalue representation we have to possibilities. First we 
can chose the gauge S" = 1^. In this case the integration over the Qf degrees 
of freedom are trivial and contribute only an overall factor to the normaliza- 
tion. The same is true for the integration over the ghosts that are needed in 
the gauge fixing. This leaves the residual gauge group SO{N) and A that 
transforms as an adjoint under this gauge group. So we end up with the 
eigenvalue model for an SO{N) matrix model and an adjoint field A |2Uj . 

„ N 

In the non-chiral models we had to take care now to keep track of the original 
gauge symmetry which enforced a different derivation of the loop equations. 
What is then the correct Ward identity leading to the loop equations in the 
chiral model? It can of course be read off from the transformation that lead 
to the Konishi anomalies. In particular for the field A this is 

5 A = ^-r.^A . (88) 

z^-{Asy 

The corresponding Ward identity in the eigenvalue representation is 

•^^ i=l r+l \ ^ k<l J 

This is however up to the overall factor of z precisely the Ward identity that 
leads to the loop equation for the SO model with adjoint! Indeed we also 
find that the definition of the matrix model resolvent 




^W = ( '^tr I -^^^^, I ) = ( '^ > .-^^ ) ' (90) 

matches also the the one in the SO model [201 ■ So we infer that indeed we 
find the well-known loop equation 

\u{zf - V\z)uj{z) - ^^u;{z) - ~f{z)^ = . (91) 

Finally let us investigate the variations 

5S = S ^-r^ , 5Qf = ^K^Qg (92) 

z^~{ASy ' z^-{ASY ' ' 
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and also keep the number of flavors explicit. We find then 



Mzy + -ujiz) - KQfS Qj - V'izMz) - f{z) ) = , (93) 

We therefore that the two ways of deriving the loop equations lead to the 
same result only if N f = 2! This mismatch in the number of flavors between 
the field theory and the matrix model has al ready appeared before in fH^ . 
It therefore of course not surprising at all that we find the same mismatch 
here. 

The polynomial f{z) in the above equations is 

' I, 2= - [ASf ) 

The matrix model loop equations match the Konishi anomaly relations in 
precisely the same way as in the non-chiral case. We expand the resolvent as 
in (j^Hj) and find also for the chiral theory the relations (jHZj), (fSHj) and (f^. 



4 Conclusions 

We have investigated Konishi anomaly relations and loop equation in the cor- 
responding matrix models for theories with unitary gauge groups but without 
basic fields in the adjoint representation. Of course a composite adjoint field 
is easily constructed as a bilinear of the basic fields in two-index tensor repre- 
sentations. It turns out that this composite adjoint field can be used to define 
generalized Konishi anomaly relations or loop equations that are rather sim- 
ilar as the ones for the models with basic adjoint field^. In contrast to the 
models with additional adjoint field the curves we found are hyperelliptic! In 
the non-chiral case we found a somewhat new and interesting feature in the 
hyperelliptic curve defined by the Konishi anomalies. There was a branch 
point fixed at the origin and related to the special vacuum at ^ = 0. 



^Composite adjoints and Konishi anomalies have also been discussed very recently in 
the context of chiral quiver theories in jl4| 
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With view of all the interesting results that have been obtained in the 
last years for the models with basic adjoint fields it is clear that there is 
still much work to be done in these new models. A detailed study of the 
phase structure should lead to a deeper understanding of the physics of the 
special vacuum with fixed branchpoint at the origin. A different question 
is how these models are realized in string theory either using D5-branes 
wrapped on orientifolds of resolutions of generalized conifolds in type IIB 
string theory or as intersecting brane configurations a la Hanany-Witten in 
the type IIA/M-theory approach. We hope to come back to these questions 
in a future publication. 
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